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663. 
FURTHER INVESTIGATIONS ON THE DOUBLE $-FUNCTIONS. 


[From the Journal fiir die reine und angewandte Mathematik (Crelle), t. LXXXII. (1877), 
pp. 220—233.] 


I CONSIDER six letters 
لا‎ Oy ep Ga e 


a duad ab not containing f may be completed into the triad abf, and then into the 
double triad abf.cde; there are in all ten double triads, represented by the duads 


ab, a6, ..aa, ae, be, td, Oe. cd, ce, dé, 
and the whole number of letters and of double triads is = 16. 
Taking a, x as variables, I form sixteen functions; viz. these are 
[a] =a-aw.a-2, 
cin رش‎ Ad coe al BN) cee tae ip 
where the function under each radical sign is the product of six factors, the arrangement 


in two lines being for convenience only: the sign + has the same value in all the 
functions, and it will be observed that the irrational part is 


وسال 0 -0, وس 0, 0س 0, 00 (, 0-0 
a‏ سا .e—w‏ هس 0 0-00 g.b-‏ - 0 ام 


viz. this has the same value in all the functions. 


The general property of the double -functions is that the squares of the sixteen 
functions are proportional to constant multiples of the sixteen functions [a], [ab]; but 
this theorem may be presented in a much more definite form, viz. we can determine, and 
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that very simply, the actual expressions for the constant factors; and so we can enunciate 
the theorem as follows; the squares of the sixteen double $-functions are proportional 
to sixteen functions — {a}, + {ab}; where, in a notation about to be explained, 


fa} = Va [a], {ab} = Vab [ab]. 


Here in the radical Va, ۵ is to be considered as standing in the first place for the 
pentad bedef, which is to be interpreted as a product of differences, 


=be. bd. be: bf .cd.ce.cf.de.df.ef, 


(where bc, bd, etc., denote the differences b—c, b—d, etc.) Similarly, in the radical 


vab, ab is to be considered as standing in the first instance for the double triad abf. cde, 
which is to be interpreted as a product of differences, = ab.af.bf.cd.ce.de, (where ab, af, 
etc., denote the differences a—b, a—/f, etc.). 


It is convenient to consider a, b, c, d, e, f as denoting real magnitudes taken in 
decreasing order: in all the products bedef, etc., and in each term abf or cde of a 
product abf.cde, the letters are to be written in alphabetical order; the differences 
be, bd, etc., ab, af, etc., which present themselves in the several products, are thus all of 
them positive; and the radicals, being all of them the roots of positive quantities, may 
themselves be taken to be positive. 


We have to consider the values of the functions [a], [ab], or {a}, {ab}, in the case 
where the variables æ, a become equal to any two of the letters a, b, c, d, e, f; it is 
clearly the same thing whether we have for instance æ =b, x =c, or w=c, ۵ =b, ete.: 
we have therefore to consider for æ, w the fifteen values ab, ac, ..., af, ..., ef; there is 
besides a sixteenth set of values æ, w each infinite, without any relation between the 
infinite values. 


Taking this ease first, æ, & each infinite, and in [ab], etc, the sign +.to be +, we 


have el 
; E w? 
[a] = au, [ab] ۷ (x 9م‎ ae’ )?? 
or, attending only to the ratios of these values, 
4a? دن‎ 
[=1 سه‎ 
Agta’? . , ; 1 
where رح‎ is infinite, and the values may finally be written 


[a] =0, [adb]=1; 
whence also, for æ, ھ‎ infinite, 1 
{a} = 0, {ab} = Vab, 


the radical Vab being understood as before. 


Suppose next that 2, a denote any two of the letters, for instance a, b; then two of 
the functions [a] vanish, viz. these are [a], [b], but the remaining four functions acquire 
determinate values; and moreover four of the functions [ab] vanish, viz. these are 
[ab], [cd], [ce], [de], for each of which the aw’ letters a, b occur in the same triad (the 
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double triads for the four functions are, in fact, abf.cde, cdf. abe, cef.abd, def. abc); 
but the other six functions [ab], for which the letters a, b occur in separate triads, 
acquire determinate values, 


It is important to attend to the signs: for example, if x, = b, e, we have 


[ec]. = ce ..cb, + =i be.,.0¢ 
By pc ii ie _ eb مهل‎ of 
` (bePae.be.de’ 1, ae.de’i: ae. de” 


TABLE I. OF THE VALUES OF [a], [ab], ETC., 


[bc] | + bef . ade 


[bd] + bdf. ace 


[be] | + bef’. acd 


[cd] | + cdf . abe 


[ce] | + cef. abd 


[de] | + def. abc 


| 
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Here the symbols be, ce, etc., denote differences; [ce] is the product of four differences : 
the arrangement in two lines is for convenience only. 


We thus obtain the series of values of [a], [ab], etc., which although only required 
as subsidiary to the determination of the corresponding values of {a}, {ab}, I nevertheless. 
give in a table. 


The signs are given as they were actually obtained, but as we are concerned only 
with the ratios of the functions, it is allowable to change all the signs in any 


FOR THE SIXTEEN SPECIAL VALUES OF g, æ. 


a x, . 22 
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column: and it appears that there are four columns in each of which the signs are 
or can be made all +; whereas in each of the remaining twelve columns the signs 
are or can be made six of them +, the other four —. 


Passing to the values of {a}, {ab}, etc., we have for example, from the ab column 
of the foregoing table, 
fe} = + Vc. ac. bo, 


(d} =+Vd.ad.bd, 


ac. ae 


be NDF 


{ac}=— Vac. 


where (since the radicals are all positive) the signs are correct: substituting for the 
quantities under the radical signs their full values, and squaring the rational parts in 
order to bring them also under the radical signs, this is 


{o} =+Vab.ad.ae.af.bd.be. bf. de. df. ef . uc? . be, 
{d} = +Vab. ac. ae . af . be. be . Df .ce . cf . ef . ad. bd?, 


nl NSE a و‎ bd . be. de . ac”. ae . be? . bf”, 
where all the expressions of this (the ab-column) have a common factor, 
ac.ad.ae.af.be.bd. be. bf. 
Omitting this factor, we find 


{o} =+Vab.ac.be.d>. df. ef, 
MR P RT 


A TYR Uf of: 


viz. recurring to the foregoing condensed notation, this is 


{c} = + de, 
{d} = + Vee, 
ac} ST V be, 


and, in fact, the terms in the several columns have only the ten values Vab, Vac, 
etc. each with its proper sign. I repeat the meaning of the notation: ab stands in 
the first imstance for the double triad abf.cde, and then this denotes a product of 
differences ab.af.bf.cd.ce.de. We have thus the following table in which I have 
in several cases changed the signs of entire columns. 
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0 | 0 | 0 18۸-۱02-۶92١ ۱٥١ ٢١۱٣۹۸۱٣۹ ١-١ا‎ o | QA+|PBA+| MN-| 0 o |p +| tap} 


0 |@A+| 9٣7 O | o ۸7۱828٣۱9۹١٥١ 0 ۱59/7۱8 9۸ اج‎ o ج۱۸‎ o | A+! {09} 


PN+* 0 (ANF o jæn+| وا1‎ o واه ره را‎ O له پا‎ O (PON + {po} 


0 ادا نه ده لاس‎ 0 0 0 |ÆnN+| Nt له له 0 0 پو اوس‎ {ag} 


OT و‎ OE O QA) 0 |PA+! O TENE oN ۲وا دو‎ oO و٨‎ paN {pg} 


@N—|wN+) 99+! {99}‏ | 0 © لن هل o FAN 80/1 0:7 OPES A”‏ د مي عا کن سه 
٢ 0 0 0 | pN-| N -— aq N+ | an A+) {an}‏ سورب PAN)‏ | د د ee Seer | ray eer‏ 


an+] 0 N+ an+] o pr ۸-٢ o PN 0 | o (PN) o (PN = pan+| po +| {pn} 


pN-| 0 0 IEA O ONT pant) 0 J 2g N+] 9D \ +| {on} 


PA+)aN-| 0 (N=) 0 | o | o |@BA-|pyA+)MN+) o (4N = pantin) o |g +| {qr} 


0 EPAF 0 | MA+|PON-| °0 |AN- RAFN] 0:2۸ اسم و ۴ 1ه اخ اه‎ oO MHA 


0 هول ا‎ 0 |W@A-|2QN+| 0--| 9/20٨7 wWA+) O موو وښو مهد‎ O | {a} 


PN- 0 0 ا-۸مص‎ 0۸-١ o ۱8۸ اج ۸ج‎ o 2۸7۱88۸۱٤١١١١ o jan+|an-| o | {P} 


| 
| 


Ae NFPA O | ۵ | O ۱89/7۱٣ ح‎ 0 PPFD A= 0 fen- ۱۵ | {9} 


0 0 0 |Q@Nt| ٥9٨ 9د‎ ۸٢-۱٤٤١ ٢-١ 0 0 


| 


æ “e AO SAATVA 1۲10848 NAALXIS JHL AOA “OLA ‘{qv} {V} SNOLLONOA AHL AO ‘TI WAVY, 


22—2 
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Referring now to Göpel's memoir, Crelle, t. XXXV. (1847), pp. 277—312, we have 
the sixteen double $-functions 


P P Ta ry 


iQ, Qi, iQ, Qs; 


iR, iha, Rs, Rs; 


8S, U 1, Ss, 


where the six functions affected with the 7 (= y erh are odd functions, vanishing for 
the values u=0, wu =0 of the arguments. 
values of æ, x corresponding to these values u=0, w=0: 
thus correspond to the six squares —Q?, —Q,?, —- R, — R’, که‎ —S2, and the ex- 


pressions {ab} to the remaining ten squares PP, P}, 


I succeed in establishing the correspondence as follows 


8.2, Se, Ri}, Ee, Q OF, 


Qr 


1٨ ie 


a 


a 


P}, 


P}, 


It is convenient to take 2, œ as the 


the expressions {a} will 


S Pa 


= {a}, {b}, {c}, {d}, {e} {f} {ab}, tac}, {ad}, {ae}, {bo}, {bd}, {be}, 


— {a}, + {ab}, as hereby appearing. 


viz, the sixteen squared double -functions are proportional to the 


TABLE III. OF 


Q? ite, 


..., S; and after some tdétonnement, 


Rè 
> 


{ed}, {ce}, {de}, 


sixteen expressions 


THE SIXTEEN FORMS OF 


0 A 

— 8, Sg — §,2 = 
— Sf? = -F = 
الله و‎ |—-H= 
a Rt = اا‎ Le 
~@=ce |—@= 
au تش تب = غږ‎ = 
Qf = ab Q = 
i = ae Pa 
PF =ad Pz 
S? =ae Saa 
Pa = be pz 
Pp ate P= 
As" = be لوي‎ 
Q; - 4ه‎ Qas 
hy =ce i?= 
Rk? = de RAE 

00 مه‎ cd 


B A+B K K+aA K+B K+A+B 
$ =-ae -SP= b + R2= de Ry =) Oe i? =—d Re=-e 
واو ار‎ I دل‎ 
س تس لا‎ ce | -RZ=—de | — 82=6b —S? =—ae|—SP=—be | -S= a 
— Rè =- de |- y= — ce 9 ae S?=—6 Sr دس‎ @ Se= be 
-QF =+f |-—Q=-ed P =d Pe 7د‎ PZ= be PZ= bd 
~ وتو رس و پا‎ cee ووهه و غو شد د‎ ٣ و‎ 

Pi=ae Pi ad|. Pi= dt IPE ‘be‏ کم ړا 
Pe ZA td ae Poe Ge Q,? = ab ) =-e Of = od QOT‏ 
Po= be} P= GE) — GF =e —QP=-ab | -Q= f |-Q@2=-ced‏ 
R2 8‏ اوس ارا ¢ S =- 4 Sg be|—-M=d |-Rf=‏ 
Op =f —QP=-ced|—-@= e |—Q2=-ab‏ = وه P= ad| P=‏ 
وس ل) P =e Pi ‘al Q = cd Q7=—f OF =1 att‏ 
S?=-—b S? = ae A= ce = de Ria FR? =-—d‏ 
OF =. ab @ =-e PP = ba F2= be F= ae P= ad‏ 
R? =-d | = be S2=-a S?2=-6 S? = ae‏ == بل 
R? == RO | =N za — s; =—be | - 8 =- ae | —S2=-6‏ 
ef ab be bd ad 1 ac‏ 
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We have, after Göpel (l.c. p. 283), a table showing how the ratios of the double 
%-functions are altered, when the arguments are increased by the quarter-periods 


A, B, A+B, K, L, K+, 


that is, when u, uw’ are simultaneously changed into «u + A, w + A’ or into u +B, u +B 
etc. If instead, we consider the squared functions, the table is very much simplified, 
inasmuch as in place of the coefficients +1, +7, it will contain only the coefficients 
+1: and we may complete the table by extending it to all the combinations 0, A, B, 
A+B, K, K+A, K+B, K+A+B, L, L44, L+B, L+ A+B, K+L, K+L4+A4, 
K+L+B, K+L+A+B8 of the quarter-periods: we have thus a table included in 
the annexed Table III., viz. attending herein only to the capital letters P, Q, R, S, the 
sixteen columns of the table show how the ratios of the terms — S2, — S2, ete, of the 
first column are altered when the arguments are increased by the foregoing combinations 
of quarter-periods, as indicated by the headings 0, A, B, etc., of the several columns. 


THE SQUARED DOUBLE $-FUNCTIONS. 


L L+A DB AIE TF., BL Kei رې‎ OR ELB tae Aen 
— Q = —QF%=+ed|—-@= € VQ =- ab Po = be P= bd P= ad Pi= ac 
Q? =ab ل)‎ 8 =-e تت وځ‎ P= ad P3= td P= be 


P2=ae | P= ad| P= bd| P= be| QP=ab | G@=-e | Q= od| Q2Z=-f 
P sad | P= a| Pe="be| PZ= bd) —@ =e |—Q2=-ab|-Q2= f |-Q2Z=-cd 
S =ae S?=—6b S2=-a S2= be; —R=d |—R2= c |-R2Z=-—de | = R= Ce 
— Sè =a |—SZ=-be |- S =-ae |- S= b paadi | Ria ce} R=-d | Rar 


— SP =b ګر‎ =—ae | —Sf=—be |—S2Z= a | = R8 = LR = d i—Ri=—cee ور‎ — de 
— RP=c -k = d |—RZ=-ce |—RZJ=-de| —SP=b_ | -S? =—ae |—-SP=-be |-SP= a 
-RÆ =d |—Rf= € |—RJ=-de |— RF =— ce S = ae ښض ح اي‎ S2=-a | Bs be 
لی‎ ee ره‎ ٧٢٢ ore. سلا‎ PM اح‎ “Paa delil ES څول روخ‎ 
R? = de R= Oe ke =—d Rf=-c | —SP=a -- و‎ = — be S =—ae|—SJ= 6 
R= ce def = de Re=—c E =-d وک 06 = پو‎ =—4 Se =- = 0 
Q; =cd ود‎ Q2= ab Q =-e P= bd R= Ge Pix ae f= ie 
De = be چو و‎ SP=-b S = ae fea RA = dah Hoax R -- 
ناه‎ P= be Pi= ae P= ad Q= ced QO, == f Q= ab  =-e 
P? = be P2= bd| P= ad| P?= ته‎ -Q?=f |—-Qe=-cd|—-@= e |١- -څل)‎ ab 
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But I have also in the table inserted the values to which — S7, —S,°, ete, are 
respectively proportional, viz. the table runs — S$ = a, ,رس تبه‎ ete, (read — S? = {a}, 
—S,° = fb}, etc., the brackets {} having been for greater brevity omitted throughout the 
table), and where it is of course to be understood that —S, — S, etc., are proportional 
only, not absolutely equal to {a}, {b}, etc. And I have also at the foot of the several 
columns inserted suffixes 00, ab, cd, etc., which refer to the columns of Table II. 


Comparing the first with any other column of the table, for instance with the 
second column, the two columns respectively signify that 


— S? (u) = {a}, | — S? (u + A) = — {be}, 
— Se (u) = راا‎ —S?(u+ A) = -— {ael, 
Qi (w= fab), | -(هھهجې)07‎ ie, 


where, as before, the sign = means only that the terms are proportional; w is written 
for shortness instead of (u, w), and so u + A for (u + A, w + A’), etc.: the variables in 
the functions {a}, {be}. etc. are in each case æ, x. But if in the second column we write 
u—A for A, then the variables z, w will be changed into new variables y, y’, or 6 
meaning will be 


, 


£, £ Y, Y 
— S? (u) = {a}, — S? (u) = — fbe}, 
— Ke (u) = {b}, — S? (u) = — {ae}, 
Q? (w) = {ab}, Qe (u) =- fe), 


so that, omitting from the table the terms which cuntain the capital letters P, Q, R, S, 
except only the outside left-hand column یم‎ —S,, etc., the table indicates that these 
functions — S, — Sf, ete, are proportional to the functions {a}, {b}, ete, of æ, æ given in 
the first column; also to the functions — {be}, — {ae}, etc., of y, y’ given in the second 
column; also to the functions — {ae}, — {be}, etc., of z, z given in the third column; and 
so on, with a different pair of variables in each of the 16 columns. 


Thus comparing any two columns, for instance the first and second, it appears that 
we can have simultaneously 


(fifteen equations, since the meaning is that the terms are only proportional, not absolutely 
equal), equivalent to two equations serving to determine æ and a’ in terms of y and y’, 
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or conversely y and y’ in terms of æ and 2’. The functions in each column form in fact 
16 sixes, such that any four belonging to the same six are linearly connected; and in 
any such linear relation between four functions in the left-hand. column, substituting for 
these their values as functions in the right-hand column, we have the corresponding 
relations between four functions out of a set of six belonging to the right-hand column, 
or we have an identity 0=0. I will presently verify this in a particular case. 


If in any column we give to the variables the values 2, o we obtain for the 
terms in the column the values which the terms of the first column assume on giving to 
æ, # the values shown at the foot of the column in question; thus, in the second column 
giving to the variables the values o0, œ, the column becomes 


— be, —Vae, 0, 0, —Vab, —Ved, 0, Vad, Vac, 0, Vbd, Vbc, 0, 0, Vde, Vce 


which is, in fact, the cd-column of Table II.: this is of course as it should be, for the 
values in question are those of the functions — S}, — $, etc, on writing therein 


&, «x =c, d. 
The formule show that 


Vab, Vac, Vad, Nae, Nbc, Vbd, Vbe, Ved, ~ce, ~de, 


are, in fact, proportional to 


‘ p 2 2 2 2 2 2 2 
Key Dr, 5”, a, GEE Bs, os, ks Ps < دم‎ , 


(ky, ky, ... are Göpel's k, k’,...). This gives rise to a remarkable theorem, for the 
ten squares are functions of only four quantities a, 8, y, è (Gopel’s t, u, v, w). For 
greater clearness, I introduce single letters A, B, ..., J and write 


A =abe.def=(Vde =p, = -که)‎ E +y- 8, 

B = abd. cef = (Nce) =p, =4(ay + BÈF, 

0 =abe.cdf = (Vcd =k, =4(a8 + By)’, 

D = abf. cde = (Nab) =kt, = (œ — e- y +F, 

E =acd.bef = (Nbe) = oj", =4 (aß + y8)’, 

F =ace.bdf=(VbdP = a, = (o + 8 + qy" + 8, 

G = acf .bde = (Nac) = wt, = 4 (aò — By)’, 

H = ade. bef = (Nbc) =w, = 4 (ay — BS)’, 

I =adf.bce = (Nad) = w, = 4 (aß — yò)’, 

J = aef .bde = (Nae) = o, = (o2 + 8-7-8); 


viz. it has to be shown that A, B,..., J, considered as given functions of the six letters 
a, b, c, d, e, f, are really functions of four quantities a, 8, y, 8; or, what is the same 
thing, that A, B, ..., J, considered as functions of a, b, c, d, e, f satisfy all those relations 
which’ they satisfy when considered as given functions of a, B, y, ò. 
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Now considering them as given functions of a, B, y, 8, they ought to satisfy six 
relations; and inasmuch as, so considered, they are, in fact, linear functions of 


at + 9 FO, که‎ HF, aby? + B62, aS? + By’, ayd, 
five of these relations will be linear: there is a sixth non-linear relation, expressible in a 
variety of different forms, one of them, as is easily verified, being 


VAJ+VCG4VDF=0. 


Now considering A, B, ..., J as given functions of a, b, c, d, e, f, there exist 
between them linear relations which may be obtained by the consideration of identities 
of the form 


abcd |=0, 
abcdef 
where the left-hand side is used for shortness to denote the determinant 
| i as S E. ==. @), 
EDs ge. @ 
a, b, č, لش‎ 
0 me as Se 
hr Sn mh” ON 
a, at Ome. ee? 


We thus obtain between them a system of fifteen linear relations, which present them- 

selves in the form 
(1) A-—J+H-B=0, 
(2) -A-I +F-—C=0, 
(3) A-H+G-D=0, 
(4) —B-G+H+C=0, 
(5) B-F+1+D=0, 
(6) C-H+J-D=0, 
(7) -—E-D-H+£=0, 
(Spit i Gre Goo 
(9) F-B-—J-G=0, 
(10) H-A+J-I=0, 
(11) —-J+D-G+J=0, 
(12) J+C—-F+H=0, 
(13) I+ B-E-H=0, 
(14) G+A+H-F=0, 
(15) D-A+B-C=0, 
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and these are all included in the equations (10), (4), (12), (15), (6), which serve to 
express G, B, E, F, I in terms of D, H, C, A, J, i.e. ac, ce, eb, bd, da in terms of 
ab, bc, ed, de, ea, if for the moment we write G=ac, etc. But. the five linear relations 
in question are, it is at once seen, satisfied by A, B, ..., J considered as given functions 


of a, B, ¥ 6. 


The equation VAJ + VDF + VCG=0, substituting for A, B, ..., J their values in 
terms of a, b, c, d, e, f, becomes 


Vabe. def. aef. bcd + Vabf. cde. ace. bdf + Nabe . cdf. acf . bde = 0, 


the proper signs, this is the identity bc.ef+be.fce+ bf.ce=0. 


It is to be noticed that 


& + a? — 8 — 9, 2 (aß — yò), 2 (ya + BS), 
2 (8 + y8), ۵-۳٢ 6۵ - y- ,ٿه‎ 2 (By — aô), 
2 (ya — 88), 2 (By + a8), 8+ که - شي‎ 65 


each divided by ۵٣ a+ 6 +y, form a system of coefficients in the transformation 
between two sets of rectangular coordinates. We have therefore 


Vab, Nad, vee, 
vbe, Nde, Nac, 
Nbc, Ned, ~ae, 


each divided by Vbd and the several terms taken with proper signs, as a system of 
coefficients in the transformation between two sets of rectangular axes: a result which 
seems to be the same as that obtained by Hesse in the Memoir, “ Transformations- 
Formeln fiir rechtwinklige Raum-Coordinaten”; Crelle, t. LXIII. (1864), pp. 247—251. 


The composition of the last mentioned system of functions is better seen by writing 
them under the.fuller form Vabf . cde, ete.; viz. omitting the radical signs, the terms are 
abf . cde, adf . bce, abd . cef, 
bef . acd, def . abc, acf . bde, 
bef . ade, cdf . abe, aef . bed, 

each divided by bdf.ace; or, in an easily understood algorithm, the terms are 


bf.d df.b bd.f 


a.ce | bf.d df.b bd.f 
e.ac | bf.d df.b bd.f 
c.ae| bf.d df.b bd.f, 


each divided by bdf . ace. 
Cc. X. 23 
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Reverting to the before-mentioned comparison of the first and second columns of 
Table III., four of the equations are 


x, a yy ه‎ x للا‎ 

{= {d}, that is, Ve[c]= vd [d] 

{d}= {c}, that is, Vd[d]= ve [e], 

{e} =— {ab}, that is, Ve [e] =— Vab [ab], 

ifj=—{ed}, that is, VfL f)=—Vedled]; 
viz. the four terms on the left-hand side are not ا‎ equal, but only proportional, 
to those on the right-hand side. Substituting for Vc, Vd, etc., their values, and in- 
troducing on the right-hand side the factor 

rere” پوه وړ خر‎ PHF 


/ / 


LL yy 
le] = ac.be.ce.ef [d], 
[d)= ad.bd.de.df{c], 
[e] =- ce . de [ab], 
I of df [cd]. 
The functions on the left-hand satisfy the identity 
def [c]— efe [d] + fed [e] = ede [ f]=0, 
or, as this may also be written, 
def [c] — cef [d] + cdf [e] — cde [f] = 0. 
Hence substituting the right-hand values, the whole equation divides by ce.de.cf.df; 
omitting this factor, it becomes 
ef . ac. be[d]—ef.ad . bd [c] — ed {[ab] — [cd]} = 0, 


where the variables are y, y4 : it is to be shown that this is in fact an identity, and (as 
it is thus immaterial what the variables are) I change them into g, æ. 


the equations become 


We have 
ac. be[d]—ad.bd{c] = (a—c) (b—c)(d—«)(d—2’) 
— (a — d) (b — d) (c — w) (c — x’) 
=(c—d)| 1, a+, aa’ 
1, a+b, ab 
1, c+d, cd 
= cd [xw' abcd], 
suppose. 
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We have moreover 
~ 1 ò abf.cd'e'+ab'f’ ode 
[ab] [cd] = (2 — a’)? 8 cdf ane — cdf’ . a 
1 oy yw d á 
“pgp wa —«'b'cd)(ef— ef’), 
where for the moment a, b, a’, etc., are written to denote a— æ, b—«, a—a’, ete.; we 
have then 
ړك‎ ef’ =(e-«)(f-2) -(e—2)(f-#) 
=-(¢-f)(e-2)=-ofw-2), 


and 
abe'd’ — a'b'cd = (a — 2) (b — a) (c — a) (d—-a')=—(@—-2')| 1, w+, uu 
— (a — x^) (b — x’) (c — x) (d — x) 1, catb. ab 
| 1, e+d, cd 


= — ) چو‎ ٧٢ [uw abcd]. 
Hence [ab] — [cd] =ef [xx'abed], and the equation to be verified becomes 
(ef. cd — cd . ef) [xa/abed] = 0, 


viz. this is, in fact, an identity. 


Cambridge, 14 March, 1877. 


23—2 
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